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Abstract 
Functionally Graded Materials are the material systems whose properties vary spatially through the solid. 
These material systems are fairly new and though expensive to fabricate; they serve as excellent 
engineering materials for various applications. The material system we consider in this work is a metal-
ceramic system, which can easily substitute for heat shielding tiles on the reentry space vehicles replacing 
the conventional ceramic tiles. This system while providing a structurally and thermally excellent heat 
shielding also reduces the weight penalty by introducing metal in the system without compromising on 
the strength. In this thesis we study the behavior and characteristics of the FGM in terms of fractals. There 
has been no prior literature on linking FGM and fractals. We characterize the interfaces between the two-
phase FGM using fractals and estimate an interfacial fractal dimension for varying degrees of coarseness. 
Also, the variation in local fractal dimension as we move lengthwise (left to right) in the domain is 
characterized by a Fourier fit, and a simpler relation using a Beta function. Assuming an isotropic nature 
of both Titanium and Titanium Monoboride (TiB), pure shear tests are simulated using ABAQUS for 
coarseness level of 50, 100 and 200 under the Uniform Kinematic Boundary Condition (UKBC) and the 
Uniform Static Boundary Condition (USBC). The material response observed under both these BC’s 
shows a high sensitivity of these systems to loading conditions. Furthermore, plastic evolution of 
Titanium grains assuming isotropic plastic hardening shows fractal plane filling behavior. Fractal 
dimensions of sets of plastic grains are calculated using the box counting method, and it validates our 
mechanical results, thus again showing high sensitivity of this material system to loading conditions. 
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CHAPTER 1 – INTRODUCTION 
1.1 INTRODUCTION 
 Engineering materials involve a wide variety of systems, all of them offering various ways of 
classification and characterization according to various attributes like thermal properties, mechanical 
properties, electrical properties, and even their field of application. With an ever-increasing need for 
materials with higher functionality, it has been a known fact that single-phase homogenous materials have 
a limited scope of applicability. As a result, there has been a tremendous research effort in multi-phase 
heterogeneous material systems like traditional systems for example: alloys, compounds; and modern 
systems like composites and Functionally Graded Materials (FGM) to name a few.  
The nature abounds in heterogeneous material systems; think of wood, bone, nacer, and bamboo 
to name a few. Man-made examples of heterogeneous material systems include particulate composites, 
fiber reinforced composites, concrete to name a few. These systems offer a wider scope of application 
with their generally superior mechanical, thermal or electrical material properties. Or, in other words, they 
fill the gap in scope which single-phase homogeneous material systems leave.  
 The FGM is a kind of material system in which the properties and/or composition of the structure 
changes quasi-continuously across the material domain. A basic unit of FGM is referred as a unit element. 
The unit element in itself would represent the composition, microstructure, and physical configuration of 
the FGM. Simplest of the FGM models in two different configurations can be illustrated in the Fig. 1.1. 
Figure 1.1(a) represents a so-called continuous gradation from one phase to another, and Fig. 1.1 (b) 
represents discontinuous or stepwise gradation from one phase to another [1]. Of course, the difference 
between these gradations hinges on how fine or how coarse the microstructure actually is. 
 
Figure 1.1 (from left) (a) Continuous gradation; (b) Stepwise gradation [1] 
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The continuous gradation is further illustrated in Fig. 1.2(a), where the composition varies 
linearly as a function of distance along in the spatial solid. Figure 1.2(b) represents how the composition 
changes in steps as a function of distance along in the spatial solid resulting in a layered microstructure of 
the Functionally Graded Material system. 
 
Figure 1.2 (from left) (a) Continuously Graded microstructure; (b) Layered microstructure 
Various kinds of FGM material systems have been studied in the literature. Anandakumar et al. 
[2] studied thermal stress and failure analysis in functionally graded solid oxide fuel cells. Gunes and 
Aydin [3] studied elastic response of graded material system containing Metal (Al) and Ceramic (SiC) 
phases. The studies on FGM have been carried out in both the two-dimensional (2D) and 3D models, and 
for various loading cases including dynamic loading, low velocity impact loading, static elastic response, 
elastic-plastic transitions. 
 Reliability analyses of FGM with random constitutive mechanical properties have resulted in a 
non-linear power-law distribution of mechanical properties. The probabilistic-based reliability analyses 
were performed using Monte Carlo simulations, and mechanical properties distributions were estimated 
using Galerkin Finite Element and Newmark Finite Difference methods [4]. 
 The FGM possess a wide application potential, ranging from the aerospace industry to 
biotechnology and energy sectors.  The FGM are typically very expensive to process and very hard to 
control, thus limiting their applicability on a large scale. For space applications, especially for Reentry 
vehicle protection, thermal barrier coatings made of FGM are applicable. These thermal barrier coatings 
are also applicable for other applications including turbines, automobile, and boiler applications [1,7].  
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Figure 1.3 FGM components consisting of metal-ceramic phases [8] 
 Figure 1.3 illustrates the example of components fabricated using FGM materials for aerospace 
applications. Various other applications of FGM also include in the Energy Sector. Energy conversion 
systems like Solar Receiver system, and fuel cell have great scope and utility for Functionally Graded 
Materials [1].  
 Section 1.2 would discuss the objective and scope of the work. Chapter 2 mainly deals with the 
Problem formulation for both geometrical and mechanical interpretation. Chapter 3 will present the 
results and analysis of the problem both geometrically and mechanically. Chapter 4 would cover the 
conclusions and future scope of this research work. 
 
1.2 MOTIVATION 
The Functionally Graded Materials (FGM) as we see are considered great engineering materials 
worth spending financial resources, time and effort to further their research and development. This is 
primarily because, in general, they have far superior properties to those of their conventional counterparts 
like metals, ceramics, polymers etc. Since, the FGM are employed or about to be employed in many 
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critical applications like space, nuclear energy etc, understanding their failure mechanisms is of 
paramount importance.  
Of many studies performed on failure of the FGM, we review the select few which relate to our 
own research. C.S. Lee et al. [9] performed three-dimensional analysis to estimate residual stresses in 
multilayered FGM samples using Finite Element Analysis. They applied the von Mises and maximum 
stress criterion to predict failure and they concluded that the first of these is more accurate in predicting 
crack location. The micromechanical based approach has also been applied to FGM used for heat-
shielding applications [10], where using plane stress loading, a fracture criterion was derived which takes 
into account plastic deformation and brittle state stress.  Buckling and postbuckling behavior of FGM 
plates was also studied along with piezoelectric actuators [11], where the effect of compressive buckling 
and thermal buckling on postbuckling load deflection curves was studied [11]. 
An elastic-plastic analysis was performed on FGM under thermal loading by Mahmoud et al. [12] 
who studied the effect of thermal loading on 1D and 2D FGM. The analysis assumed model based on rule 
of mixtures, and numerical analysis was performed on the same using Finite Element Technique. In [13] 
J. Aboudi et al. studied thermoplastic response for two-dimensional Functionally Graded Materials; the 
effect of microstructure and plasticity on free edge inter-laminar stresses was studied and it concluded 
inability of homogenization to accurately represent the micro structural effects on the free edge. 
Most of the above approaches require some estimation or measurement of stresses/strains on the 
FGM to determine the failure of the material or even determine the plastic flow in the material. The 
measurement of these stresses/strains can be quite complicated requiring often expensive and time 
consuming procedures, which are necessary to even analyze the plastic deformation. In this study, we 
investigate the evolution of plastic grains in the FGM using a geometric concept not yet applied in this 
area: fractals. As is well known, there are numerous interpretations of fractals in the literature. Fractals 
have been found to accurately represent randomness of geometry in nature. Fractals can be used to 
represent amazingly accurate clouds, landscape topology, diffusion of particles. Quoting from Mandelbort 
[5]: “A fractal is a shape made of parts similar to the whole in some way”. Overall, there has been very 
little research on fractals in elastic-plastic problems. Fractals during the evolution of plastic grains have 
been very recently studied on both elastic/perfectly plastic and elastic/plastic-hardening responses 
[14,15]. The grains were assumed to be isotropic in nature and some amount of random noise was 
introduced in elastic and plastic material properties. Very nice fractal behavior was observed in both the 
studies, which show that fractals can be a very good measure to determine the plastic behavior in a 
material.  
The fractal dimension can be as useful measure to determine plasticity or yielding of a material as 
Von Mises Stress. In addition, Von Mises stress is tricky to measure experimentally, while fractals can be 
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observed on the plastic grains on image. In this study we consider a common FGM system of Titanium-
Titanium Monoboride (Ti-TiB). The system assumed in this study is one-dimensional FGM. There have 
been many studies performed on this material system as will be indicated in section 2.2.  
To our knowledge this will be a first ever attempt to measure the fractal dimension of Phase 
Interfaces in the two phases FGM. Also, this will also be a first ever attempt to measure fractal dimension 
of evolving plastic grains under both kinematic and static boundary conditions in plastic hardening FGM 
model. 
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CHAPTER 2 – MODEL FORMULATION 
2.1 GEOMETRIC MODEL FORMULATION 
The FGM microstructure is modeled on a chessboard model. The black and white boxes on the 
chessboard represent two phases in the FGM material system. We refer from here on the chessboard to a 
field domain of size L, having black and white grains. Starting from the left boundary of the domain, the 
probability of the black grains equals 100% and decreases linearly to 0% as we approach the right 
boundary of the domain. Similarly, the white grains have a 100% probability starting from right boundary 
of the domain and decrease to 0% as we approach the left boundary of the domain. 
 
Figure 2.1 Probability Distribution of black and white material phases 
Given that this model of an FGM is non-deterministic, it is taken as a random medium 
, where  represents a specific realization, with  being an elementary event of 
the underlying sample space . Fig. 2.2 gives examples of  at different coarseness levels within the 
same size domain. At this point, we define coarseness as the quality of FGM being composed of 
relatively large grains. In our model, the higher is the coarseness, the lower is the actual number 
describing it. 
 
7 
 
 
(a)               (b) 
 
(c)                (d) 
Figure 2.2 (a) coarseness of 10; (b) coarseness of 100; (c) coarseness of 1,000; (d) coarseness of 10,000. 
Furthermore, we will be interested in the interface edges between the black and white phases. 
Since these interface edges appear randomly throughout the domain, we observe dense edge structures in 
the middle of the domain, as that is the place where the coexistence of black and white phases (or their 
mixing) is the highest with P (Black, White) = {0.5,0.5} (probability distribution of each phase). Figure 
2.3 gives so-called edge plots for the coarseness levels of 100 and 1,000.  
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Figure 2.3 (from left) (a) edge plot of coarseness 100, corresponding to Fig. 2.2(b); (b) edge plot of coarseness 
1,000, corresponding to Fig. 2.2(c) 
 
2.2 MECHANICAL MODEL FORMULATION 
The material system we consider in this work is the Titanium -Titanium Monoboride (TiB) FGM. 
There has been considerable amount of research on this material system in the literature.  Rule of 
mixtures, modified rule of mixtures have been applied to construct numerical model of this two-phase 
material system [19-23].  This material system has tremendous scope in armor-ballistic applications, as 
TiB, a ceramic can sustain damage from high velocity projectiles. The other phase, Titanium, being a 
softer material may serve as a containment unit [21]. Another application of this system is in the 
automobile industry. The exhaust valve of automobiles made from this material system has exhibited 
enhanced durability and reliability [24]. Yet another possible application of this system is the heat shields 
of space vehicles. During the reentry into the earth’s atmosphere, surfaces of these shields are exposed to 
massive amounts of friction with the earth’s atmosphere leading to significant heating of the exposed 
surface. Conventionally ceramic tiles are used for protection as these materials provide excellent heat 
protection, though at some weight penalty. As a stepping-stone in this direction, in this study we research 
such an FGM system, as the TiB phase, just like any ceramic, would provide excellent heat shielding 
while the Titanium phase would reduce the weight cost while maintaining the structural integrity.   
 Titanium being a softer material, it undergoes plastic deformation, and the TiB being a ceramic, 
remains elastic throughout. However, the spatial patterns associated with the phenomenon seem to be 
unknown as yet. Overall, the response of FGM made of Titanium-TiB is expected to have an intermediate 
response between its two constituent phases as shown in Fig. 2.4. 
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Figure 2.4 Illustration of the stress-strain response of the FGM and its two constituent phases 
 
Figure 2.5 Microscopic view of Titanium-TiB FGM. Titanium region near the top; TiB region near the 
bottom [23] 
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Essentially, Titanium is an anisotropic material. It is a hexagonal closed packed (HCP) crystal at 
room temperature. TiB on the other hand is a hard brittle ceramic. The crystal structure of TiB is B27 
class orthorhombic [23]. For our model constructed, we have assumed isotropic response for Titanium 
and TiB, with Titanium undergoing isotropic plastic hardening beyond its yield point. The material 
properties we have taken for Titanium is for the A70 commercially available pure titanium. Its properties 
are given in Table 2.6. 
Property Value Units 
Young's Modulus 104 GPa 
Poisson’s Ratio 0.3  
Yield Strength 482.633 MPa 
Density 4512 Kg/mm3 
Table 2.6 Material Properties of commercially pure Titanium (A70) at room temperature [17,18,23,25] 
The plastic deformation in A70 follows a parabolic relation beyond its yielding point. The 
relation depends on the Titanium grain size as well, and is given in equation 2.1 [18], 
     (2.1) 
is the flow stress, is the intercept, is the strain hardening coefficient, and is the true strain. 
The values of the above parameters for A70 are as follow, 
=510 MPa; =833 MPa [18]. 
The properties of TiB are given in Table 2.7. 
Property Value Units 
Young's Modulus 370 Gpa 
Poissons Ratio 0.4  
Density 4630 Kg/mm3 
Table 2.7 Material properties of TiB at room temperature [23] 
 In the model we formulate we apply a pure shear load using UKBC (Displacement) and USBC 
(traction) for system coarseness of either 50, 100 or 200.  We assume plane strain condition. We try to 
achieve the classical RVE response from our material system, and observe the behavior of the model as 
we increase the coarseness of our model. 
The UKBC is applied on our model according to 
,      (2.2) 
and, more specifically, via pure shear loading  
,      (2.3) 
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The USBC is applied according to 
,      (2.4) 
with 
,      (2.5) 
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CHAPTER 3 – RESULTS 
3.1 GEOMETRICAL RESULTS 
 We generated 2-D FGM material system as explained in Section 2.1 on various coarseness levels. 
Although the probability distribution of either phase is varying linearly across the material domain, the 
FGM has a fine structure at smaller scales down to the grain level, and, to the spatially inhomogeneous 
statistics, it is too irregular to be easily described by a traditional Euclidean geometric language. Clearly, 
it is statistically self-similar in the y-direction, and it follows that the fractal dimension of some set 
associated with this FGM is greater than its topological dimension and non-integer. Thus, to characterize 
the FGM, we would like to assess its fractal characteristics. Henceforth, we focus on the system of black-
and-white interfaces, henceforth referred to as an edge set. In other words, neither the white-white nor the 
black-black interfaces contribute to the edge set. 
Clearly, the edge sets are sparse close to the left and right boundaries of the FGM, but quite dense 
in the middle. In this thesis we are only able to plot the edge sets for coarseness not exceeding 1,000 due 
to a limited computing power available. Figure 2.3 represents these edge sets for coarsenesses 100 and 
1,000. 
 Now, we measure the fractal dimension D of these edges on various sizes of domain and study 
the variation in this dimension across the solid. Fractal dimension of the entire domain in the x-direction 
is calculated according to the relationship in equation 3.1. 
       (3.1) 
 
Where, is the number of edges in the domain, and N is the size of the system. We divide the number of 
edges by a factor of 2, since we are moving across the FGM length-wise (left to right). We further express 
the fractal dimension by 
      (3.2) 
For example, for one simulation of system size of 10, we calculate, 
 
 
 We call thus calculated fractal dimension D an interfacial fractal dimension. It is analogous to the 
fractal dimension of the Triadic Koch Curve [5]. Since the domain coarseness of 10 is too small to speak 
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in a meaningful way about fractals, we see a high noise in the estimation of D, Fig. 3.1. But, as we go to 
finer systems we observe that this noise decreases. The following set of figures illustrates this effect. 
 
Figure 3.1 Noise in Fractal Dimension (D) over 100 simulations in system size of 10  
 
Figure 3.2 (from left) (a) Noise in estimation of D for coarseness of 100;  (b) Same plot at greater resolution 
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 Figure 3.2 illustrates this effect in domain coarseness of 100. Again, according to plots above the 
value of fractal dimension stabilizes as we move to higher a higher coarseness level of 100. From the plot 
in Fig. 3.2, the fractal dimension varies between with a maximum value of D being 
1.7660 and a minimum being 1.7520. 
 
 
Figure 3.3 (from left) (a) Noise in estimation of D for coarseness of 1,000;  (b) Same plot at greater resolution 
 Figure 3.3 illustrates the effect in system of coarseness 1,000 as the value of fractal dimension 
further stabilizes over 100 simulations as we move higher into the system order with dimension varying 
as . The maximum value of D noted in this domain was of value 1.8412 and the 
minimum value was noted to be 1.8403. 
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Figure 3.4 (from left) (a) Noise in estimation of D for coarseness of 10,000;  (b) Same plot at greater resolution 
 As we see in Fig. 3.4, the value of fractal dimension further stabilizes as we move to domain 
coarseness of 10,000 over 100 simulations. The value of fractal dimension in this system can be averaged 
as D~1.8807. As the maximum value of D noted for this system is 1.88073313 and the minimum value of 
D for the same system was noted as 1.88067238. This was the maximum system we could plot with the 
computing resources at disposal. We calculated the fractal dimension for various levels of coarseness and 
the maximum system size we tested had coarseness of 19,001. The fractal dimensions for various levels 
of coarseness have been listed in Table 3.5. The fractal dimension up to system size of 500 has been 
averaged over 100 simulations. The fractal dimension up to system size of 10,000 has been averaged over 
10 simulations. The fractal dimension of system size up to 19,001 corresponds to one simulation. 
 
Coarseness 
of FGM 
Interfacial Fractal 
Dimension 
10 1.459328817 
50 1.710635642 
100 1.757886781 
500 1.822756529 
1000 1.840748953 
5000 1.870978452 
10000 1.880705808 
15001 1.88573187 
19001 1.888491704 
Table 3.5 System coarseness and corresponding Interfacial Fractal Dimension 
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 We further represent the tabulated data in Table 3.5 in Fig. 3.6. We can observe that the slope or 
the interfacial fractal dimension reaches value of D~1.889 for higher levels of coarseness. The trend in the 
plot shows that the value of the interfacial fractal dimension stabilizes as we go to higher orders of 
coarseness. The red line in the plot represents slope of 1.889. The bubbles on the plot represent the data 
points given in Table 3.5. 
 
Figure 3.6 Log curve of R and N (domain coarseness) 
 Now, we further look at how this interfacial fractal dimension is varying lengthwise and 
widthwise across the solid. Now, for the sake of characterizing and observing the distribution of the 
interfacial fractal dimension as we move on, we consider a domain of coarseness 1,000. The interfacial 
fractal dimension is estimated locally using equation 3.2 given earlier in this section. The edges or 
interfaces are counted locally as a function of their position as we move across the solid both lengthwise 
and widthwise. Figure 3.7 represents how this interfacial fractal dimension is varying across the system. 
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Figure 3.7 (from top) (a) Variation in d widthwise (top-bottom); (b) Variation in d lengthwise (left-right) 
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 It is evident from Fig. 3.7(a) that the variation in local fractal dimension does not show any trend 
as we move though the solid widthwise. However, a clear trend can be discerned from Fig. 3.7(b), where 
the variation in local fractal dimension is plotted as a function of position in the solid. We now go ahead 
and characterize this trend by curve fitting.  The Fourier fit and Beta function fit were applied to 
characterize this trend. The Fourier fit was applied using MATLAB curve fit toolkit and the results are 
given in Fig. 3.8. 
 
Figure 3.8 Fourier fit applied to variation in d 
 The red line on the plot in the figure above represents the fit. The equation for the fit above with 
its values of coefficients is 
 (3.3) 
 is normalized by mean  and std . The values of the coefficients of the Fourier fit are 
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 The Fourier is a reasonable fit and the residuals are plotted in Fig. 3.9. The plot shows that the 
residuals are very small, though they are noisy at the boundaries. 
 
Figure 3.9 Residuals of the Fourier fit (y axis) v/s position 
 Another fit is applied to the trend observed in Fig. 3.7(b) using the Beta function, see the solid red 
line in Fig. 3.10(a). The corresponding residuals are plotted in Fig. 3.10(b). The beta function  is 
[6] 
   (3.4) 
 is the so-called Gamma function  
      (3.5) 
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Figure 3.10 (from top) (a) Beta Function applied to the variation in d; (b) Residual of Beta function v/s position 
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The equation representing this fit is 
     (3.6) 
Where and  equal , and = . The equation 3.6 represents a much simpler function and 
a fit that is easier to represent than that of equation 3.3. The residual plot in Fig. 3.10(b) also shows 
considerable noise in the residuals at the boundaries, which is analogous to the residual behavior of the 
Fourier fit given in Fig. 3.9. 
 
3.2 MECHANICAL RESULTS 
 We now discuss the results  of the mechanical simulation of the problem we setup in Section 
2.2. We apply pure shear loading through UKBC and USBC on domain with coarseness of 50, 100 and 
200; see Fig. 3.11. 
 
 
Figure3.11 (from top left clockwise) FGM of coarseness (a) 50; (b) 100; (c) 200, with black grains representing 
Titanium, and white grains representing Titanium Monoboride. 
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 We carry out the numerical study on all the above model sizes using ABAQUS.  The load applied 
is refined in such a manner that we can see the evolution of plastic grains in the microstructure. For the 
loading we applied, we are able to obtain plasticity of 25-27% in the microstructure for both boundary 
conditions. The contour plots for the von Mises stress for coarseness of 50 and 100 are shown in Figs. 
3.12 and 3.13, respectively. We do not include the contours for coarseness of 200, as the results are 
visually fuzzy, and the shear bands are difficult to distinguish visually.  
 
(a)      (b) 
 
(c)      (d) 
Figure 3.12 (a) Contour plot of von Mises stress for USBC at four different time instances for domain coarseness of 
50 
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(a)      (b) 
 
(c)      (d) 
Figure 3.12 (b) Contour plot of von Mises stress for UKBC at four different time instances for domain coarseness of 
50 
 We clearly see in Figs. 3.12(a) and (b) the formation of shear bands in the material due to the 
pure shear loading applied on the domain. These shear bands form in areas characterized by a high 
interfacial fractal dimension. We also notice this effect on the contour plots of coarseness of 100 in Figs. 
3.13(a) and (b). 
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(a)      (b) 
 
(c)      (d) 
Figure 3.13 (a) Contour plot of von Mises stress for USBC at four different time instances for domain coarseness of 
100 
25 
 
 
(a)      (b) 
 
(c)      (d) 
Figure 3.13 (b) Contour plot of von Mises Stress for UKBC at four different time instances for domain coarseness of 
100 
 Furthermore, we observe from all the contour plots for all coarseness levels that shear bands form 
preferentially across regions having a rich Titanium-Titanium Monoboride (TiB) Interaction. However, 
these bands are not exactly at 45 degrees. Due to the heterogeneous nature of the FGM, the softer 
Titanium grains tend to grow plastic in such a way so as to avoid the stronger TiB grains. We also see 
some stress concentrations around the corners of the area rich in TiB under UKBC, which is 
understandable as the displacement applied at the boundaries leads to high stress levels in the TiB phase, 
as being a ceramic material it retains its elastic nature throughout.  
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 Looking at our model, we now plot a volume averaged von Mises stress against a volume 
averaged plastic strain to check whether we can achieve the classical RVE response of the material. 
Figure 3.14 indicates this response curve for system coarseness of 50, 100 and 200. 
 
 
Figure 3.14 Volume Averaged Stress-Strain response under different BC’s for coarseness of (from top left 
clockwise) (a) 50; (b) 100; (c) 200 
 As we can see from the plots given in Fig. 3.14, we fail to achieve constituent RVE response for 
our model under UKBC and USBC. Even as we increase the coarseness levels, or in other words refine 
our microstructure, we do not see any closing of the material response under the respective BC’s. This 
could be reasoned out due to many reasons. Firstly, the USBC (traction) is very sensitive and often ill 
posed to elastic-plastic problems. Our calculations thus for plastic strain under this boundary condition in 
not reliable as it is underestimated due to lack of numerical efficiency of ABAQUS linear solver to 
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account for large plastic strains. Even if we could account for large plastic strains, the response would still 
not match the response under UKBC (displacement). Secondly, as our material is heterogeneous, with the 
TiB phase remaining elastic throughout, it does not reach high stress levels under USBC, even though the 
softer Ti phase continues to sustain large plastic strain due to plastic flow of the material. This indicates 
that out model is highly sensitive to the way it is loaded, and even a small change in loading conditions 
could elicit a varied response from the material. 
 We now turn our attention to formation of plastic grains (Ti grains) in our model under different 
boundary conditions. Evolution of Plastic grains under coarseness of 200 under UKBC and USBC is 
illustrated in Figs. 3.15 and 3.16 respectively.  
 
(a)      (b) 
 
(c)      (d) 
Figure 3.15 Evolution of Plastic Grains (White noise) under UKBC at four different time instances (starting top left) 
for coarseness of 200 
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 Looking at Fig. 3.15 we see that the growth of plastic grains of Titanium under UKBC starts 
towards the right side of the domain, which is a TiB rich region. This is understandable as uniform 
displacement on TiB boundary causes extremely high stress levels in TiB rich regions leading to plastic 
formation of Titanium grains in that region (represented by white noise in the above figure). As we move 
into the loading sequence, we observe that the plastic grains then slowly start evolving towards the 
Titanium rich regions on the left side of the domain. 
 
(a)      (b) 
 
(c)      (d) 
Figure 3.16 Evolution of Plastic Grains (White noise) under USBC at four different time instances (starting top left) 
for coarseness of 200 
 Now, looking at Fig. 3.16 we see the evolution of plastic grains (white noise) growing from 
Titanium rich regions (from the left). This can be reasoned as, under USBC leads to high stress levels in 
the Titanium rich regions, which leads to plastic flow in the material leading to plastic evolution of the 
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grains. As we proceed through the loading sequence, the plastic evolution of the Titanium grains starts 
progressing towards the middle of the system, with very few grains undergoing plastic deformation in the 
TiB region. This is because under USBC, the stress in TiB rich region doesn’t reach levels high enough to 
cause plastic deformation of Titanium grains in the TiB rich region. 
We can now estimate the fractal dimension D of the plastic grains evolving under both UKBC 
and USBC. It is done using the box counting method [14] for coarseness of 50, 100 and 200 at the end of 
the loading curve. The box counting method involves counting the number of boxes (Nr) of a particular 
edge length (r) required to cover the plastic grains in the entire domain. The plastic domain taken into 
consideration has plastic deformation ranging from 25% to 27% (for both boundary conditions) of the 
total 50%, which is the maximum plastic deformation for our model. 
 
Figure 3.17 (from left) Estimation of the fractal dimension D using box counting for coarseness of 50 under (a) 
UKBC (D=1.9586) and (b) USBC (D=1.7558) 
 In Fig. 3.17 we plot the log-log relationship between the number of boxes (Nr) and the edge 
length of the box (r), for both the boundary conditions. The fractal dimension for the UKBC and USBC is 
1.9586 and 1.7558, respectively. The correlation coefficients in both cases were found to be very close to 
1. The difference in the D, for both boundary conditions can be attributed to the plastic evolution of grains 
under respective boundary conditions as illustrated in Figs. 3.15 and 3.16, under UKBC, the plastic grains 
are more evenly distributed in the entire domain, and hence the higher D as compared to USBC where the 
plastic grains are mainly concentrated towards the Titanium rich region on the left side of the domain, 
hence the lower D. This validates our result of the mechanical testing of our model, where we found that 
the overall material response is extremely sensitive to the loading conditions. 
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Figure 3.18 (from left) Estimation of fractal dimension D using box counting for coarseness of 100 under (a) UKBC 
(D=1.9555) and (b) USBC (D=1.7837) 
 
Figure 3.19 (from left) Estimation of fractal dimension D using Box counting for coarseness of 200 under (a) UKBC 
(D=1.9739) and (b) USBC (D=1.7981) 
 We again plot the log-log relationship between the number of boxes (Nr) and the edge length of 
the box (r) for coarseness of 100 and 200 in Figs 3.18 and 3.19 respectively under both boundary 
conditions. The correlation coefficient as we can see from all the four plots has been estimated to be very 
close to 1.  
 The fractal dimension D for UKBC and USBC for all coarseness under consideration i.e. 50,100 
and 200 show little variation among themselves, and hence D can be a very useful parameter to estimate 
the plastic deformation for two-phase linearly graded FGM for both UKBC and USBC. 
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CHAPTER 4 – CONCLUSIONS 
 We have setup a numerical model to study the Titanium and Titanium Monoboride (TiB) 
Functionally Graded Material System. That system has a piece-wise, one-dimensional geometry. The 
coarseness levels we have considered are of various degrees for both Geometrical Interpretation and 
Mechanical testing through the Finite Element Analysis. Referring to our both problem formulation 
setups in Chapter 2, we conclude the following. 
• We generated FGM simulations on various coarseness levels ranging from 10 to 19,001. We then 
plotted the edge sets (interfaces between the black and white interfaces) and found them sparse 
near the boundaries and dense in the middle for each of our simulations. We then measured the 
interfacial fractal dimension in each simulation and observed a high noise in it for lower 
coarseness levels. Also, there is no trend seen in the variation of fractal dimension locally in the 
domain as we move widthwise (but not top-to-bottom) across the domain. However, we see a 
clear trend moving lengthwise (left to right) in the domain, which, in fact, can be characterized by 
a complicated relation given by a Fourier fit. A simple relation involving beta function can also 
be used to characterize the same, with both relations having comparable residuals. 
• Mechanical testing was carried out using the commercial FEA package, ABAQUS. Titanium 
grains in the FGM were assumed to be isotropic elastically with isotropic plastic hardening. TiB 
grains in the FGM were assumed to be elastically isotropic throughout. By using both the UKBC 
and USBC, we applied pure shear loading on our model; it was observed that our model did not 
result in a classical constitutive RVE response. This means that the homogenization based on the 
Hill condition is extremely sensitive to the loading conditions. However, for both loading cases 
we achieved plasticity in the model ranging from 25% to 27%. We also observed that contour 
plots for von Mises stress for both loading conditions resulted in a formation of shear bands 
mainly across the regions having a high interfacial fractal dimension of the Titanium-TiB 
mixture.  
• The plastic evolution of the Titanium grains under both boundary conditions displayed a fractal 
plane-filling behavior. The plastic grains under UKBC started evolving from the TiB rich region 
(containing some Titanium Grains) and spread towards the Titanium rich region progressing 
rather uniformly. Under USBC the plastic grains evolved mainly from the Titanium rich region 
and remained concentrated mainly in the same region. This fractal behavior was measured for 
both loading conditions using the box counting method. The fractal dimension showed little 
variation for each of the coarseness level under a particular boundary condition. However, the 
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fractal dimension under UKBC and USBC had different values. This validates our earlier result 
that the model response is highly sensitive to the loading conditions.  
• The fractal geometry interpretation advanced in this thesis can be used to study the behavior of 
FGMs where the mismatch in properties across the interfaces of two phases are important - for 
example the heat transfer, electrical or magnetic conductivity, etc. The mechanical results show 
that the fractal dimension can be used to estimate the plasticity in a material for damage 
assessment in various mechanical equipment, presenting a good alternative to expensive strain 
gages, which require considerable amount of effort to install.  
• This work can be further extended to test different material systems under anisotropic yield 
criteria. Also, it would be interesting to see the fractal behavior in 2D and 3D grading.  
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